We show that the D=6 SU(2) gauged supergravity of van Nieuwenhuizen et al, obtained by dimensional reduction of the D=7 topologically massive gauged supergravity, can be further reduced to yield a new D=5 SU(2) gauged supergravity.
Introduction
Many supergravity theories contain dilatons with scalar potentials V (φ). These theories fall into two classes depending on whether V (φ) posseses a stable extremum or not.
Supergravities belonging to the first class have ground state solutions, with U(1) isometries, of the form S 1 × M D−1 . Dimensional reduction of these theories is therefore possible and has been much studied.
Supergravities belonging to the second class consist of the so called gauged and massive supergravities in which V (φ) typically takes the form
where a is a constant (there do exist gauged supergravities whose potentials are sums of such functions but still without extrema). Gauged supergravites are distinct from the massive supergravities in that the automorphism group (or one of its subgroups) of the supersymmetry algebra is gauged, the vector fields of the supergravity multiplet playing the role of the gauge fields. The massive supergravities contain topological mass terms, explicit mass terms or both for (some of) the vectors of the theory. Because of the form of V (φ), these supergravities admit no S 1 ×M D−1 direct product vacuum solutions so it might seem that dimensional reduction is not possible. However, it was argued in [1] that one can always perform a consistent dimensional reduction, regardless of the solution space, by simply implementing the standard Kaluza-Klein ansatz on the fields of the higher dimensional theory (substitution of the standard Kaluza-Klein ansatz for the fields into the lagrangian gives a lower dimensional lagrangian whose field equations are the same as those obtained by direct substitution of the Kaluza-Klein ansatz into the higher dimensional field equations). The significance of having a solution with a U(1) isometry in the higher dimensional theory is that it maps into a solution of the lower dimensional theory.
The supergravities in this second class are known to posses (D-2)-brane solutions (domain walls) with a R-isometries (which become U(1) isometries on compactification).
† So the dimensional reduction is consistent and we are guaranteed solutions of the lower dimensional theory.
The dimensional reduction of massive supergravities was studied in [8] . In this paper we focus on the gauged supergravities. Gauged supergravities with SU (2) gauge groups were first constructed directly in seven and six dimensions [2, 3] and a gauged supergravity with an SU(2)×SU(2) gauge group was constructed directly in four dimensions [4] . It was believed that they couldn't be dimensionally reduced, for reasons given above, and hence were unrelated. However van Nieuwenhuizen et al [5] argued that with the inclusion of a topological mass term, the scalar potential of N=2 SU(2) gauged 7-D supergravity [2] depends on two parameters and does posses a stable minimum, so therefore can be compactified to 6-D. They showed that if the parameter in front of the topological mass term is non-zero, the resulting 6-D theory is irreducible. They also showed that if this parameter is allowed to tend to zero in 6-D, the theory describes the reducible coupling of an SU(2) gauged pure N=4 supergravity multiplet to an N=4 vector supermultiplet. This D=6 N=4 SU(2) gauged supergravity was a special case of the massive gauged supergravities presented in [3] . ‡
The purpose of this paper is to continue this reduction to four dimensions, making contact with the SU(2)×SU(2) gauged model of Freedman and Schwarz [4] , and to use previously known solutions of this model to construct new supersymmetric electrovacs in 7-D.
The layout of the paper is as follows. In section 2 we dimensionally reduce the 6-D supergravity of [5] to 5-D giving details of how to truncate out the relevant fields of a vector supermultiplet to leave a new 5-D gauged supergravity. In section † R-isometries are as good as U(1) isometries for the purposes of this argument. ‡ Following [1] , we note that the D=6 N=4 SU(2) gauged supergravity obtained in [5] can also be obtained by dimensional reduction of D=7 N=2 SU(2) gauged supergravity without a topological mass term.
3 we continue this reduction to 4-D in less detail and make contact with the Freedman/Schwarz model [4] . In section 4 we solve the Killing spinor equations of SU (2) gauged 7-D supergravity to obtain a supersymmetric electrovac. In section 5 we double dimensionally reduce the domain wall solution of 7-D gauged supergravity to obtain a domain wall in 4-D (which could have been found directly but this method demonstrates the consistency of the reduction). In section 6 we show that this domain wall preserves a half of the supersymmetry.
Dimensional Reduction Of D=6 Gauged Supergravity
We now turn to the reduction of the N=4 SU(2) gauged supergravity in 6-D.
We do not consider the reduction of the fermionic sector of the lagrangian or the supersymmetry transformations. However, it can be argued that under dimensional reduction (i.e. assuming all fields are independent of a particular coordinate) any symmetry of the higher dimensional lagrangian remains a symmetry of the lower dimensional lagrangian (this is not always true at the level of solutions though).
Hence supersymmetry will be preserved when we reduce to five and four dimensions and our bosonic lagrangians are guaranteed supersymmetric extensions. We therefore consider the reduction of the bosonic sector only, which is indices.
WhereÃ =Ã m dx m and f 2 = dÃ.B 1 = B
1 + ρdz (2.4)
Since we are reducing a non-maximal supergravity theory, in 5-D one necessarily obtains another non-maximal supergravity coupled to other supermultiplets, in this case a vector supermultiplet. We are interested only in the supergravity multiplet so we need to truncate out the vector supermultiplet. For the truncation to be consistent all one requires is for the full field equations to allow the fields to be truncated to be set to zero. For the truncation to preserve supersymmetry we require the variation of the truncated fermions to vanish (i.e. to be at least linear in the fields that are set to zero in the truncation). We have not explicitly
shown this but we add that the final results suggest that supersymmetry is in fact
preserved.
An N=4 vector supermultiplet in 5-D contains one vector and five scalar bosonic degrees of freedom. Now in [5] , it was shown that in order to consistently truncate out the N=4 vector supermultiplet it is necessary to linearly combine the dualisation of the antisymmetric potential A µνρ with the Kaluza-Klein vector and it is necessary to linearly combine the dilaton (from the dilaton in 7-D) with the Kaluza-Klein scalar. This suggests similar tasks must be undertaken in 5-D and 4-D to consistently truncate out the vector supermultiplets. Proceeding in the same spirit we retain the scalars σ and φ which we will later linearly combine using an SO(2) rotation. We need to set four of the scalars to zero, we choose these to be A i j and ρ. The resulting action in 5-D is
2 B
(1)
where
1 , F 3 = dA 2 − dC 1Ã , C 2 = dC 1 and wedge products are implied in the Chern-Simons term.
We still need to truncate a vector and a scalar. As a first step towards truncating a vector we dualise A µν to a vector A ′ µ and linearly combine with the Kaluza-Klein vector. The relevant part of the action is
We replace 3∂ [µ A νρ] by a independent field a µνρ . Let
add to the Lagrangian ,
and a is a constant.
, and the original Lagrangian, L, can be recovered up to a total derivative after substitution.
Variation w.r.t a µνρ leads to a µνρ = 6aee
which upon substitution back in the intermediate Lagrangian, L+∆L, and choosing the constant, a = + 1 12 , for correct normalisation we obtain the dual Lagrangian L D ,
Next we need to linearly combine the dilaton φ with the Kaluza-Klein scalar σ so that
= constψ. The constant is chosen so that Uǫ SO (2) where
This requires the const = The resulting action is
We still need to remove a vector to obtain a pure N=4 supergravity multiplet. But we have the choice of truncating out any of the 2-form field strengths we don't touch F 2 or G 2 as they already have the required Chern-Simons terms.
Since C 2 's kinetic term has a different dilatonic prefactor to those of the other 2-forms we also leave C 2 alone. This suggests that we should linearly combine f 2 and F 2 ′ and truncate the orthogonal linear combination. This procedure, i.e.
linearly combining the dualisation of an antisymmetric tensor potential (which is a remnant of the 3-form potential A µνρ from 7-D) with the Kaluza-Klein vector, was actually performed in 6-D in [5] and will also have to be performed in 4-D to obtain the SU(2) Freedman-Schwarz model [4] . This is done by another SO (2) rotation ,
1 and H 2 = dh 1 . We can then consistently truncate a vector, H 2 = 0.
After an integration by parts the resulting action describes an SU(2) gauged N=4 supergravity multiplet, whose bosonic sector is :
. This is a new 5-D gauged supergravity model.
Dimensional Reduction Of D=5 Gauged Supergravity
We proceed as in the previous case. In the followingÃ and σ are now new K-K fields. Since they don't appear in (2.17) we will use the symbols again. The ansatz for the fields are :êâm
Where hats refer to D=5.
whereÃ =Ã m dx m and f 2 = dÃ.
where (p)=1,2 and i,j=1,2
The resulting action in 4-D is (after setting A i j = ρ (p) = 0 )
As above, we need to linearly combine ψ with the Kaluza-Klein scalar σ. The proceedure is the same as that described for 5-D except
This leads to σ = 
with
where C ′ 2 = dC ′ 1 . Then C ′ 1 is linearly combined withÃ using the same SO(2) matrix as in 5-D, i.e.
After truncating the abelian field strength H 2 , the contribution to the ChernSimons term from (3.10) is
2 .
(3.12)
So then the N=4 vector supermultiplet decouples from the SU(2) gauged N=4 supergravity multiplet and the resulting action is
With the identification e A = √ 2α, we recognise this action as the bosonic sector of the Freedman/Schwarz model [4] with one of the SU(2) coupling constants equal to zero.
The model contains both an abelian and a non-abelian sector. The abelian sector has three U(1) field strengths G tensor (the abelian sector), the dilaton (which is constant) and a background which is (AdS) 2 ×R 2 ×T 3 . Our strategy will be to find solutions of the Killing spinor equations.
We note at this point that there exist non-supersymmetric electrovacs (involving magnetic fields) in 4-D which could also be lifted to 7-D to give solutions.
These solutions would be distinct from the 7-D non-supersymmetric electrovacs found in [12] . We shall be concerned only with the supersymmetric electrovacs.
Consider first the background spacetime. We know this must be (AdS) 2 ×R 2 ×T 3 . However, the metric is not simply diagonal and this is crucial 
In the coordinates of [11] , dS 2 4 the line element of (AdS) 2 ×R 2 , is
where K is the Gaussian curvature given by K = 2e A E, with E a constant to be identified as the electric field later. In order to find expressions for B 1 (i) we need to consider the 4-D solution. The relevant part of the Freedman/Schwarz action is
where the summation is over (i) from one to three. The φ equation of motion is
For V ef f (φ) to have a minimum we require
eA hence E is identified as the electric field. Therefore for simplicity and without loss of generality we can choose
A suitable potential is
all other components vanishing (remember, in the reduction of B (1) 1 we set the scalars ρ (1) to zero).
Putting this all together with a relabelling X 4 =Z 5 , X 5 =Z 6 and X 6 =Z 7 we have :
Kcos 2 ρ + e
Kcos 2 ρ dρ
Choosing the vielbein frame as the only non-zero components of the spin connection are computed to be
where we have denoted 'flat space' Lorentz indices by underlining.
Next we need to understand which components of F µνρσ are non-vanishing. In the reduction from 7-D to 6-D F 4 reduced as follows
µνρσ was then dualised to a two form which, after linearly combining with the KK vector, became G
µν . Hence F ′ µνρσ is given by
( 4.12) where ψ and G In the reduction from 6-D to 5-D F µνρ was reduced as
µνρ was then dualised to a two form and linearly combined with a KK vector so that
(4.14)
where ψ ′ and G We can now attempt to solve the 7-D Killing spinor equations. They are
With F M N i j = 0, Φ =constant and using the lemma
they become
Since in 7-D the product of all the gamma matrices is 1, a useful expression is
The 7-D dilaton is related to the 4-D dilaton by a scaling, Φ = Consider the δψ ti equation. Using (4.10) we have
Substituting the expressions for the vielbein components (4.9), the equation becomes,
Using (4.21) in the last term, (4.22) in the fourth term and both (4.21) and (4.22) in the third term we have
Next consider δψ ρi . Using (4.10) we have
Using the expression for e ρ ρ and equations (4.21) and (4.22) we get
Next consider δψ 2i , δψ 3i , δψ 4i , and δψ 5i . Assuming ǫ i depends only on ρ and t we have
The expressions for δψ 3i , δψ 4i and δψ 5i vanish similarly. Finally consider δψ 6i . 
For δψ 6i = 0 we require
Using this result in (4.22) it becomes
Now we know
hence ǫ i must be of the form
where ξ i is a constant spinor.
Considering again the δψ ti and δψ ρi equations and using (4.31), (4.33) and K = 2e A E, they become
By comparison with the Freedman/Gibbons electrovac in 4-D we see that if ǫ i is of the form
with ξ i a constant spinor and the function S(t, ρ) given by
then δψ ti = δψ ρi = 0 and a half of the supersymmetry remains unbroken.
Reduction Of D=7 Domain Wall
In this section, we turn to a consideration of the (D-2)-brane solutions that arise in gauged supergravities.
As was shown in [6, 1] , supergravities with bosonic sectors of the form
, have domain wall solutions of the form
where D is the spacetime dimension and µ, ν = 1, .., D −1. It is useful to re-express the parameter a describing the dilaton coupling in terms of ∆ because ∆ remains unchanged after reduction on S 1 [7] . H is a harmonic function on the 1-dimensional transverse space with coordinate y, of the general form H = c ± My, where c is an arbitrary constant, and M = where µ, ν = 0, .., 5, for which ∆ = −2. Notice that unlike the domain walls of massive supergravities [8] where ∆ is always positive, and equal to 4 when only one dilaton is involved in the solution, the value of ∆ for these gauged supergravities is negative. This implies that these gauged theories cannot be obtained by ordinary K-K or Scherk-Schwarz reductions on T n of eleven dimensional supergravity or massive IIA supergravity [9, 10, 8] .
We now double dimensionally reduce this 5-brane to obtain a membrane so- This then leads very simply to the D=6 4-brane [6] :
where µ, ν = 0, .., 4
In the same way, using the ansatz (2.3) and (3.2) (withÃ = 0) one can double dimensionally reduce this D=6 4-brane to a D=5 3-brane :
where µ, ν = 0, .., 3
and a D=4 2-brane :
where µ, ν = 0, .., 2
Supersymmetric Domain Walls Of The Freedman/Schwarz Model
In this section we consider the supersymmetry properties of the membrane solution of the Freedman/Schwarz model. As in [4] we let e A and e B denote the two gauge coupling constants and we define
The potential of this model has the form V = −2e 2 e φ , so ∆ = −2. This model therefore has a domain wall solution of the type given in (5.2),(5.9). i.e.
where H = m|y| + constant and m 2 = 2e 2 . Denoting 'flat space' Lorentz indices by underlining, the only non-zero components of the spin connection ω µab are
To check for supersymmetry, all that is needed here are the supersymmetry transformations of the four Majorana gravitini ψ and spin 1 2 fields χ in a bosonic back-ground for which all Yang-Mills field strengths vanish. In our 'mostly plus' metric convention the D=4 Dirac matrices can be assumed to be real. We define γ 5 to be the product of all four Dirac matrices satisfying γ 2 5 = −1. In these conventions the required supersymmetry transformations of the Freedman/Schwarz model are
The amount of supersymmetry preserved by the domain wall solution is the number of independent solutions for ǫ of the conditions δψ µ = 0 and δχ = 0 in the domain wall background. Using
2 ǫ 0 , these conditions are
They become We note that unlike the electrovac groundstates where a gauge field is nonvanishing and the dilaton is constant, domain walls involve no gauge fields and the dilaton is not constant.
Conclusion
Gauged supergravity theories typically contain dilatonic potentials of the form e −aφ and hence posses domain wall solutions. Despite the absence of an S 1 ×M D−1 ground state these theories can be consistently reduced [1] to yield other gauged supergravities in lower dimensions.
Although the higher dimensional origin of the full SU(2)×SU (2) We have also shown that the 5-brane of the 7-D gauged theory [6] can be double dimensionally reduced to yield a domain wall in 4-D which is a solution of the full SU(2)×SU(2) gauged model preserving a half of the supersymmetry.
